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ABSTRACT 
 
This work presents the derivation of a closed form expression as well for a three time-scales 
approximation of the point kinetics equations, as the one-group time-dependent P1- and P3-
equations, for a homogeneous multiplying medium, in planar geometry. The results produced by 
the three-scale approximation for the point kinetics equations are shown to be practically as 
accurate as the numerical results produced by the Kaganove-type algorithms used in production 
codes, yet at significantly less costs in computational time and resources. For the P1 equations, 
closed-form three-scale approximations have been derived for the neutron flux and its higher-
order spherical harmonics, as well as for the precursors for two groups of delayed neutrons. The 
development of these three-scale approximations did not rely on imposing separation of space 
and time; furthermore, they offer the possibility of a direct investigation of the differences 
between the P1-, P3-, and diffusion equations, respectively. In particular, significant differences 
are observed regarding the time-behavior of the various approximations for the neutron current, 
smaller differences are observed regarding the differences in the time-behavior of the various 
expressions for the neutron flux, while the distinctions between the various approximations for 
the precursor distributions are negligible. Furthermore, the three-scale approximations for the P1- 
and P3-equations have been shown to be superior to the results offered by the improved 
quasistatic methods described in the literature, particularly for the shortest time scales in the 
presence of large reactivity insertions.  
In summary, the method of multiple-scale expansion offers a new way for developing very 
accurate and effective approximations for solving typical stiff-systems, such as the time-
dependent neutron transport and/or diffusion equations with delayed neutrons. 
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1. INTRODUCTION 
 
As is well known, the transient behavior of a nuclear system is governed by the distinct time 
scales of the prompt and delayed neutron production. Thus, a reliable computation of the 
transient local power distribution within the reactor’s core would require the solution of the 
space-, time-, energy- and angle-dependent neutron transport equation with delayed neutrons. In 
practice, however, it is not feasible to solve exactly the time-dependent neutron transport 
equation for realistic reactor core geometries, because of the tremendous requirements in 
computer power and memory demand. Popular approximations include the synthesis and space-
time separation methods [1], finite difference methods [2], modal expansion methods [3], the 
quasi-static method [4], the point reactor model [5], and coarse mesh [6,7] or nodal methods [8]. 
The standard methods for simulating the neutron kinetics behavior of light water reactors (LWR) 
rely on solving the time dependent neutron diffusion equation, without space-time separation, 
using coarse mesh or nodal methods. For fast reactor systems, however, the neutron generation 
time is about 1000 times smaller than for a light water reactor. Consequently, direct discretization 
of the time derivative term in the transport or diffusion equation (as used for LWR’s) would lead 
to prohibitively long computational time and memory demands, because the computational time-
step size is dictated by the neutron generation time. The today’s standard for fast reactor 
calculations are the quasi-static method [9] or the point kinetics method [10,11]. However, the 
separation of space and time within these methods is in some cases insufficiently accurate.  
The distinct time scales for generation of the prompt and delayed neutrons cause the systems of 
equations produced by any of the above approximations to display a stiff behavior in time. For 
such stiff systems, regular perturbation methods fail to predict accurately the reactor’s long-time 
behavior because of the inevitable accumulation of the overall errors, which grow in time even if 
the local errors, at every time step, are small. On the other hand, the existence of clearly 
separated time scales suggests the use of a multiple-scale expansion [12,13] for deriving 
solutions that retain their asymptotic validity, for large time values. The distinct time-scales for 
such expansions are given by the time scales of the prompt and delayed neutron production.  
The objective of this work is to apply the method of multiple-scales expansion to develop 
efficient analytical approximations for describing the time behavior of the neutron population 
and the precursor concentration in a multiplying system with delayed neutrons. As will be 
shown, the time-step in the approximation functions is independent of the neutron generation 
time. Therefore, large time-steps can be used, without adversely affecting the solution’s accuracy.  
The principles of applying the multiple-scales expansion method are demonstrated in Section 2 
by using the point kinetics equations. The usability, accuracy and efficiency of the multiple time-
scales equations obtained for computing the time behavior of the neutron population are 
discussed in Section 3. Also presented in this Section are results from several illustrative 
computations using the three-scale approximation for the P1 and P3 equations, for an idealized 
homogeneous slab reactor. Significant differences are observed regarding the time-behavior of 
the various approximations for the neutron current, smaller differences are observed regarding 
the differences in the time-behavior of the various expressions for the neutron flux, while the 
distinctions for the precursor distributions are negligible. Furthermore, the three-scale 
approximations for the P1- and P3-equations are shown to be superior to the improved quasistatic 
solutions described in the literature, particularly for the shortest time scales, in the presence of 
large reactivity insertions. The three-scale approximation (with two groups of delayed neutrons) 
for time-dependent P1 is developed in the appendix. 
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2. THREE TIME-SCALES EXPANSIONS FOR THE POINT KINETICS EQUATION 

 
The basic concepts and the practical application of the method of multiple scale expansion will 
be illustrated in this section by using the point kinetics equations for a multiplying system with 
delayed neutron production. Although the point kinetics equations represent a drastic 
simplification of the Boltzmann equation, they do possess the typical stiff behavior introduced by 
the delayed neutrons. The multiplicity of time-scales will be treated by using of the multiple 
scale expansion method.  
The development of the multiple time-scales equations will commence by considering the point 
kinetics equations with n = 2 groups of delayed neutrons, which can be written in standard form 
as:  
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In the above equations, t denotes the time variable; n(t) denotes the time-dependent population of 
neutrons, with effective life-time Λ; cm(t) represents the time-dependent concentration of the mth-
precursor, with decay constant λm and fraction βm; ρ represents the reactivity of the system;  

  
; and n denotes the total number of groups of precursors. 
 

To illustrate the separation of time-scales, the point kinetics equations Eq. 1 and Eq. 2 are recast 
in the following non-dimensional form: 
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The following definitions have been used in the above equations:  
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.2,1, =Λ= mmm λε  (7) 
The distinct time scales involved implicitly in Eq. 1 and Eq. 2 can be identified in terms of the 
dimensionless time parameter τ and the “small parameters” εm, by expanding the dimensionless 
time parameter into the three time scales τ0, τ1 and τ2, defined as follows: 

τεττετττ 22110 ,, ≡≡≡  (8) 
Accordingly, the dependent variables n and cm are considered to be functions of the three time 
scales, namely: 
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The time derivative operator is also expanded in the three time scales τ0, τ1 and τ2: 
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In view of the above expansion it follows that the neutron population n and the precursor 
concentration cm can be expanded formally in infinite series of the forms 

K++++= 3
2
122110 nnnnn εεε  (12) 

.2,13
2
122110 =++++= mccccc mmmmm Kεεε   (13) 

Even though the accuracy of the approximations shown in Eq. 12 and Eq. 13 increases, in 
general, as more and more terms are retained in the respective expansions, it is important to note 
that while the accuracy of the single-scale expansions is usually improved by retaining higher-
order terms in the respective expansion, the accuracy of multiple-scale expansions can be 
improved only if additional multi-scale information becomes available.   
 
The multiple-scale equations are obtained by inserting Eq. 11, Eq. 12 and Eq. 13 into the 
dimensionless point kinetics equations Eq. 3 and Eq. 4, and subsequently collecting the terms 
that contain the same powers of ε. Thus, collecting the terms corresponding to ε to the zeroth-
(lowest-) power yields the following equations for the neutron population n0 and the precursor 
concentrations cm0: 
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The system of first-order coupled ordinary differential equations represented by Eq. 14 and Eq. 
15 provides information regarding the system’s behavior on the fastest time scale, of the order of 
the prompt neutron generation time. This system can be readily solved to obtain the following 
closed-form solutions: 
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The above solutions contain time-dependent exponential functions and the yet undetermined 
coefficients A0, B10, and B20, which can only be determined with help of the solutions to the 
higher-order equations of ε. These coefficients provide information regarding the influence of the 
delayed neutron production on the short-time scale of the prompt neutron generation. 
Collecting the coefficients of the first order of the expansion in ε yields the following equations 
for neutron distributions n1 and n2, and the precursor concentrations cm1 and cm2: 
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The above system of three coupled equations is characterized by the longer time scales 
associated with the production of delayed neutrons. To solve these equations, we use Eq. 16 
through Eq. 18 in Eq. 19 and Eq. 20. The result is the following equation for the neutron 
distributions n1 and n2: 
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The above equation must be independent of any terms in τ0, since the later are zero-order terms. 
Requiring, therefore, the vanishing of all terms in τ0 leads to the following equation for the 
quantity A0:  
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The above equation can be readily solved to obtain  

( ) 2
2

1
1

0210 ,
ττ

ττ a
b

a
b

eDA
+

=  
(23) 

The quantity A0 introduces the influence of the delayed neutron production into the equations for 
the short time horizon of the prompt neutron production. Note that the coefficient D0 is a bone-
fide constant, which would remain to be determined later, by using the initial conditions. 
Inserting now Eq. 22 into Eq. 21 simplifies the latter considerably, and the resulting first order 
differential equations for n1 and n2 can be solved to obtain  
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In the above equations, the coefficients A1, A2, B10 and B20 must be independent of τ0. Their 
expressions can be determined by using Eq. 16 trough Eq. 18, Eq. 24, and Eq. 25 in Eq. 20. The 
arising equations for the precursor concentrations cm1 and cm2 give the requirements for the 
coefficients B10 and B20. This requirement is fulfilled by imposing the conditions: 
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Note that the definition 
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has been used in Eq. 26 and Eq. 27 in order to simplify the notation. 
The above system of partial differential equations can be solved exactly to obtain: 
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In the above expressions, the coefficients KB1 and KB2 are constants to be determined from the 
initial conditions for the distributions of neutrons and precursors. 
It is important to note that Eq. 29 and Eq. 30 involve solely the slow time-scales, which means 
that this system of equations is no longer stiff. The development of the multiple-scales expansion 
can be stopped at this point, since the approximation obtained at this point is sufficient to obtain 
a first order solution. Collecting the results obtained yields the following first-order expressions 
for the concentrations of neutrons and precursors:  
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Note that when the reactor is prompt critical (i.e., when ρ = β), then a = 0 while α1 and α2 
become infinite, in which case the removable singularity in Eq. 32 through Eq. 34 causes 
numerical instabilities. This problem can be circumvented by replacing the exponential functions 
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 with the exponential resulting from exact solution for one group of delayed 
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In Eq. 37, the summation runs over all the available groups of precursors. Furthermore, to avoid 
overestimating the production of precursors, the expression of the quantities αm need to be 
redefined as  
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At this stage, the constants D0, KB1, and KB2, which appear in Eq. 32 through Eq. 34 can be 
determined in terms of the initial conditions, n0 and c0m, for the initial conditiones, to obtain: 
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The system of equations comprising Eq. 32 – Eq. 34, with the respective constants given by Eq. 
35 through Eq. 41 will be called further on the “three-scale approximation”. The initial 
distributions of neutrons and precursors can be defined either during the dynamic calculation (by 
the values at the end of the previous computational time-step) or from a standard steady state, 
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The systems of equations which comprise the three-scale 

approximation for the P1or P3-equations is obtained by following an entirely similar path as for 
the point kinetics equations, above [16, 17, 18]. However, the corresponding mathematical 
derivations do not bring any new concepts, and are considerably more involved than those for the 
point kinetics equations; therefore, the derivations for the P1-equations are relegated to the 
Appendix. The derivations for the P3-equations can be found in the references.  
 

3. ILLUSTRATIVE COMPUTATIONS USING THE THREE-SCALE 
APPROXIMATIONS 

 
The illustrative computational results presented in this section aim at investigating the efficiency 
and accuracy of the three-scale approximation that was developed in the previous section.  
It is of special interest to assess the accuracy of the three-scale approximation by comparison to 
the standard point kinetics equations with six groups of delayed neutrons. Of course, such a 
comparison must also take into account the fact that the standard six-group point kinetics 
equations need to be solved iteratively, so there will be a trade-off between solution accuracy and 
computational time requirements. The standard method for solving the point kinetics equations 
in accident analysis codes for fast reactors is an iterative numerical method based on the 
Kaganove algorithm [14]. Figure 1 illustrates the close agreement between the results produced 
by the iterative Kaganove algorithm for a fast reactor with 6 groups of delayed neutrons, 
undergoing a strong positive reactivity insertion (ρ = 0.9 $), and the results obtained by using the 
three-scale approximation. For comparison, the results produced by the simpler two-scale 
approximation (corresponding with the reduction of the number of delayed neutron groups) 
which becomes increasingly worse in time are also depicted. The three-scale approximation 
produces very accurate results, practically indistinguishable from the Kaganove results. 
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Figure 1: Neutron population following a positive reactivity insertion (ρ = 0.9 $): 
comparison of two- and three-scale approx. with the iterative Kaganove algorithm 

The time behavior of the difference between the standard iterative Kaganove algorithm with 6 
groups of delayed neutrons and the three-scale approximation, depicted in Fig.2, indicates that 
the absolute value of this difference increases linearly in time, but remains quite small in 
absolute value. The relative difference stays below 0.1 ‰. 
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Figure 2: Evolution of the difference between the three-scale approximation solution 
and the iterative Kaganove algorithm (6 groups) 

Having assessed the accuracy potential of the three-scale approximation, the remaining question 
to be addressed is that of evaluating the computational efficiency of this approximation. Since 
the respective approximation simply involves the computational evaluation of closed form 
expressions, its numerical efficiency if far superior to any method that would require the 



American Nuclear Society Topical Meeting in Mathematics & Computations, Avignon, France, 2005  9/23 
 

numerical solution of the point kinetics equations. Thus, the distributions of prompt and delayed 
neutrons predicted by the three-scale approximation can be evaluated immediately, at any 
particular point in time, while the prediction of these distributions by using the Kaganove 
method necessarily requires an iterative process, by using time steps dictated either by the 
limitations of the neutron generation time and/or the convergence criterion selected by the user 
for the Kaganove algorithm. To illustrate the potential efficiency of the three-scale 
approximation, three cases have been investigated. The first case (“Case 0”) involves a small 
stepwise reactivity perturbation (ρ =0.1 $) that causes only a very small change in the neutron 
population. The second case (“Case 1”) involves a large perturbation (ρ =0.9 $), which causes a 
massive increase in the neutron population. The third case (“Case 2”) involves a reactivity 
insertion in-between the first two cases (ρ =0.75 $). Note that the iterative computations using 
the Kaganove algorithm (with 6 delayed groups) for “Case 0” and “Case 2” were stopped by the 
time limitation criterion (tmax = 0.1 s), while “Case 1” was stopped by the power limitation 
criterion (pmax = 5 times initial value).  
The efficiency of the multi scale approximation solution is illustrated by computing the time 
reduction factor gained by using the three-scale approximation instead of the Kaganove 
algorithm, for the same level of accuracy. The results for this time reduction factor will 
henceforth be called, for short, “time gain”, and are presented in Table 1 for the three cases 
described in the forgoing, as a function of the convergence criterion, ε, employed for the 
Kaganove algorithm. For the small perturbation (ρ = 0.1 $) and the limiting time step of 0.1s, the 
time gain varies between (a factor of ca.) 2.6 and (a factor of ca.) 366. The time gain rises more 
dramatically for large perturbations (ρ = 0.9 $), even when the reaching of the limiting factor in 
the neutron population causes a reduction of the overall time step to 0.001 s. The largest time 
gain is obtained for a relative big perturbation (ρ = 0.75 $) in combination with a big over all 
time step, since, in this case, the limiting factors in time and neutron population are reached 
nearly simultaneously. 

Table 1: Time gain for the three-scale approximation versus the iterative Kaganove 
algorithm (6 groups) 

ε (Kaganove)  “Case 0” time gain “Case 1” time gain  “Case 2” time gain 
0.01 2.6 4.3 7.8 
0.001 2.6 12.0 45.8 
0.0001 24.6 49.1 368.4 
0.00001 170.9 >103 >104 
0.000005 365.9 >104 >105  

As illustrated by the results shown in Table 1, above, the time gain for point kinetics calculations 
depends very strongly on the convergence criterion, ε; this strong dependence begs the question 
of the “best setting” of the value for ε to be used in the so-called “production” (as opposed to 
“research”) codes, when dealing with changing reactivity values. For example, in computer 
codes, the convergence criterion, ε, is often set at a “default value”, independent of the reactivity 
change; moreover, this “default value” can vary over a large range, depending on the specific 
code. Thus, in the SAS4A accident analysis code [11], which uses the point kinetics method, the 
default value for ε is set at 5*10-6. On the other hand, in the accident analysis code SIMMER-III 
[9], which uses the quasi-static method, the default value for ε is set at 0.001. The results shown 
in Table 1 indicate that the implementation of the three-scale approximation into (existent or 
future) production codes could avoid this problem. 
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Results from several illustrative computations for the space-time dependent problem using the 
three-scale approximation developed in the appendix will be presented following using an 
idealized case of a homogeneous slab, of infinite extent, subject to vanishing flux conditions, for 
both the prompt and delayed neutrons, on the extrapolated slab boundaries. The material 
properties characterizing the slab are as follows: ( ) s 10 1.0 v 06-1 ×=Σ −

fν ; 20 1 =s ; 0.2 =ka ; 
-03

1 104.277 ×=β ; -03
2 103.223 ×=β ; s-06101.0 ×=Λ ; -1

1 2.926s =λ ; -1
2 0.02613s =λ ; 

0 11 == dx KK ; 1 22 == dx KK . The material properties (e.g., prompt and delayed neutron 
properties) chosen above are the same as for the point kinetics calculations, in order to facilitate 
the discussion of the multiple time-scale structure of the P1- and P3-equations by comparison to 
the point kinetics equations. The following additional quantities are used for the three-scale 
approximation to the P3-equations: 1002 =s , 1203 =s , 04343 ==== ddxx KKKK .  
The illustrative computations to be presented next (in Figs. 3 through 9) are for a (moderate) 
reactivity insertion of ρ = 0.3 $. Recall also that the solution of the time-dependent diffusion 
equation for this simple paradigm geometry consists of the point-kinetics equations multiplied by 
a sine/cosine functional dependence in space. The actual forms taken on by the three-scale 
approximations of the prompt neutron fluxes for the diffusion, P1, and P3-equations are, 
respectively: 
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Because of the symmetry inherent to the slab-geometry of the paradigm problem, the results to 
be presented in this Section are displayed only for (the negative) half of the x-axis. Figure 3 
depicts the space-time distribution of the neutron flux, in the three-scale approximation, 
expressed by Eq. 46, for the P1-equations.  

 

Figure 3: Neutron flux distribution, computed with the three-scale approximation 
of the P1 equations, for a reactivity insertion of ρ=0.3$  

As Fig. 3 clearly shows, only the three longest-lived terms influence the behavior of the prompt 
neutron flux on the time-scales relevant to nuclear reactors. The shorter lived terms [i.e., the first 
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term in Eq. 46, and the first three terms in Eq. 47] vanish far too quickly to visibly influence the 
rise of the prompt neutron flux on the reactor-type time scales considered in this work. 

 

Figure 4: Distribution of delayed neutron prec. for the first group, computed with 
the three-scale approx. of the P1 equations, for a reactivity insertion of ρ=0.3$.  

 

Figure 5: Distribution of delayed neutron prec. for the second group, computed 
with the three-scale approx. of the P1 equations, for a reactivity insertion of ρ=0.3$.  

Figures 4 and 5 depict, respectively, the space-time distributions of the first and the second 
groups of delayed neutrons in the three-scale approximations. The cosine-distribution of both the 
prompt and delayed neutrons, in the spatial direction is also apparent in Figs 3 to 5, as expected 
in view of the homogeneous infinite slab geometry considered in these illustrative examples. The 
neutron fluxes given by Eq. 45 and 47, which express the three-scale approximations 
corresponding to the diffusion and P3-equations, respectively, show a similar space-time behavior 
as that depicted in Figure 3. The differences between the fluxes computed using Eqs. 45, 46, and 
47, starting all computations from identical initial conditions and effecting the same reactivity 
insertion of ρ=0.3$, are depicted in Figs. 6 and 7. Both of these figures display a positive peak in 
the time interval below 0.001 s, after which the differences vanish rapidly in time. The reasons 
for the shape of this peak become apparent by examining Eqs. 46 and 47. The three-scale 
approximations for the P1 and for the P3-equations contain one and, respectively, three additional 
exponential functions, with large negative exponents; furthermore, the respective terms (which 
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simulate the prompt neutron production) are not identical. The additional exponential terms 
appear because of the time-derivatives of the higher-order spherical harmonics neutron fluxes. 
These derivative terms are discarded when deriving the diffusion approximation from the 
neutron transport equation. However, if the space and time coordinates are separated ab initio (as 
practiced within the improved quasi-static method [22]), these additional exponential functions 
would not appear either within the corresponding diffusion or the P1 or P3-equations. In other 
words, imposing an ab initio separation of space and time for solving the neutron transport 
equation would cause the time behavior of the P1 and/or P3 approximations to be the same as that 
of the diffusion approximation; the differences shown in Eqs. 45, 46, and 47 for the respective 
three-scale expressions for the neutron flux arise from the fact that the starting equations the 
respective P1 - and P3- approximations were obtained without having imposing a space-time 
separation on the full-fledged neutron transport equation. To summarize, the differences in the 
respective prompt terms and the terms which appear additionally in Eqs. 46 and 47 (but do not 
appear in the diffusion approximation described by Eq. 45) represent the transport effects on the 
time-behavior of the neutron distribution within the paradigm slab reactor.  
The absolute value of the peak depicted in Figs. 6 and 7 depends on ka  and other system 
parameters; the peak maximum is attained in the beginning of the transient, and is about 1% of 
the absolute change in the neutron flux for this special case (ρ=0.3$). Afterwards, the 
exponentials with the largest negative exponents decay very rapidly. For longer time values, the 
differences depicted in Figs. 7 and 8 vanish, since the long-term behavior of Eqs. 45, 46 and 47 
is governed by identical terms.  

 
Figure 6: Difference [ ( ) ( )tt difP φφ −

1
], using Eqs. (85) and (84). 

 
Figure 7: Difference [ ( ) ( )tt difP φφ −

3
], using Eqs. (86) and (84) 
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Comparing Figures 6 and 7 indicates that the absolute value and the time duration of the peak for 
the three-scale approximation of the P3-equations are close to the results obtained using the 
three-scale approximation of the P1-equations. The time-dependent differences, which are due to 
the additional two exponential functions in ( )tP3

φ , are relevant only on a time scale which is 
shorter than the time scale considered for calculations in nuclear reactors. On the other hand, the 
spatial-dependent differences arise from the slightly different arguments of the cosine functions 
that appear in Eqs. 47 and 45, respectively. The foregoing observations indicate that the 
considerable additional work involved in using the three-scale approximation for the P3-
equations [17, 18] brings little improvement of the quality of the results, as far as their time-
behavior is concerned, as compared to using the three-scale approximation for the P1-equation 
instead of the three-scale approximation for the diffusion equation. Hence, the three-scale 
approximation for the P3-equation may be advantageous to use for a more accurate modeling of 
the spatial distribution of the neutron flux (especially if the additional terms with the constants 
K3 and K4 are needed), but the three-scale approximation for the P1-equation would suffice for 
modeling most transients of interest for nuclear reactors. 

 

Figure 8: Difference [ ( ) ( )tjtj difP −
1

], computed with the three scale approximation for 
the P1 and the diffusion approximation, respectively.  

Figure 8 depicts the distribution, in space and time, of the difference [ ( ) ( )tjtj difP −
1

], computed 
by using the three scale approximations for the P1- and the diffusion equations, respectively. The 
difference between these two approximations is significant, reaching a peak of ca. 20%, for a 
very short time interval, immediately after initiating the transient computations. The explanation 
of this difference is provided by examining the respective equations: on the one hand, the three-
scale approximation for the neutron current computed from the diffusion equation, ( )tjdif , is 
obtained by a multiplying the standard point kinetics solution by the respective stationary spatial 
distribution; on the other hand, all of the short-time dependent terms drop out during the 
development of ( )tjP1

, as indicated by Eq. A.72. The corresponding result for the three-scale 
approximation of the neutron current corresponding to the P3-equations of the same structure, 
and its behavior in space-time is very similar to that of ( )tjP1

.  
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The behavior in time of the (space-time dependent) precursor distributions is nearly identical for 
the three-scale approximations of the diffusion, the P1-, and the P3-equations, since the 
dominating exponential functions are identical in the respective approximations. The 
differentiated effects of the reactivity insertion’s magnitude on the three-scale approximations for 
the diffusion and the P1-equations, respectively, are illustrated in Fig. 9, for a prompt critical 
reactivity insertion. This large reactivity insertion highlights not only the short-time behavior of 
the difference [ ( ) ( )tt difP φφ −

1
], but also underscores the fact that, for large perturbations, this 

difference does not vanish as time progresses, as was the case for the smaller reactivity insertion 
(of ρ=0.3$) considered in Fig. 6. As shown in Fig. 9, the difference [ ( ) ( )tt difP φφ −

1
] increases 

over the time interval considered in the computation, with the rate of increase commencing at 
about 1.8 % and reaching an asymptotic value of about 1.3 % of the absolute change in neutron 
flux, during the transient computation for this paradigm homogeneous slab reactor. The time 
behavior of the difference [ ( ) ( )tt difP φφ −

1
] confirms the expectation that the influence of the 

three-scale approximation for the P1-equations is more pronounced for strong transients, in 
which the prompt neutron production dominates the overall time evolution of the neutron 
distribution. The differences in the corresponding three-scale approximations for the precursor 
concentrations are not sensitive to the magnitude of reactivity insertion, for reasons already 
discussed in relation to Figs. 5 and 6. 

 
Figure 10: Difference [ ( ) ( )tt difP φφ −

1
] for a prompt critical reactivity insertion.  

 
3. CONCLUSIONS  

 
The method of multiple scale expansion offers a new way for the development of very accurate 
and effective multi scale approximation functions for different approximations of the time 
dependent Boltzmann equation with delayed neutrons. The developed multi scale analytic 
approximation functions are powerful and effective tools for the analysis of the time behavior of 
multiplying systems with delayed neutron production. 
The analysis of the accuracy of the multi scale approximation solution has shown very good 
agreement in the comparison with the standard iterative solution with 6 groups of delayed 
neutrons on the basis of the Kaganove algorithm. Although a time gain is achieved for every 
configuration, the actual amount of the time gain depends strongly on the system parameters and 
the convergence criterion of the numerical algorithm. The gain varies between factors of 3 up to 
105 for the test calculations.  
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It is also important to note that, although the three-scale approximation of this work is limited to 
two groups of delayed neutrons; this limitation could be readily removed without loss of 
consistency if the number time scales were to be increased to four or five scales. In such a case, 
the multi-scale approximation would be developed by using the same already described strategy 
as illustrated in Section II and also in the appendix; for five time scales, for example, the 
corresponding versions of Eq. 26 and Eq. 27 would constitute a system of fourth order instead of 
the system of the second order.  
The multiple scale expansion method has been used to develop closed-form three-scale 
approximations for the time dependent P1-equations for a homogeneous multiplying material, in 
planar geometry, with two groups of delayed neutrons. Closed-form three-scale approximations 
have been obtained for the neutron flux and its higher-order spherical harmonics, as well as for 
the precursors for two groups of delayed neutrons. The development of these three-scale 
approximations did not rely on imposing separation of space and time; furthermore, they offer 
the possibility of a direct investigation of the differences between the P1-, P3-, and diffusion 
equations, respectively. Thus, significant differences are observed regarding the time-behavior of 
the various approximations for the neutron current, smaller differences are observed regarding 
the differences in the time-behavior of the various expressions for the neutron flux, while the 
distinctions between the various approximations for the precursor distributions are negligible. 
Furthermore, the three-scale approximations for the P1- and P3-equations have been shown to be 
superior to the results offered by the improved quasistatic methods described in the literature, 
particularly for the shortest time scales, in the presence of large reactivity insertions.  
One way for implementing multiple time-scale approximations for creating new and efficient 
solutions strategies for the time-dependent neutron transport equations with delayed neutrons is 
by splitting the main matrix of a neutron transport code by using the closed-form expressions, 
developed in this work, for the three-scale approximation to the P1-equations.  
Such a splitting of the main matrix of a neutron transport code would lead to several sub-
matrices, each of them corresponding to the respective time scales underlying the multiple scale 
expansion. These single sub-matrices would be considerably smaller than the main matrix, and 
could therefore be inverted directly, because these sub-matrices would no longer be stiff. In 
principle, such a procedure would amount to an inversion of the main matrix by block 
partitioning (each block corresponding to a specific time-scale); such an inversion procedure is 
usually more efficient than the standard iterative one. Thus, the gain in efficiency offered by 
implementing closed-forms expressions derived from multiple-time expansions is not obtained 
from potential use of the larger possible time steps due to the analytical approximation solution 
but from the more efficient mathematical methods. Furthermore, closed-forms expressions 
derived from multiple-time expansions can also be used in concert with customary acceleration 
methods.  
To summarize, the method of multiple scale expansion offers a new way for developing very 
accurate and effective approximations for solving typical stiff-systems, such as the time-
dependent neutron transport and/or diffusion equations with delayed neutrons. Further 
extensions, beyond the paradigm examples provided in this work, would be the consideration of 
more than three time-scales and a combined expansion that would separate multiple-scales not 
only in time but also in space. 
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APPENDIX A 

Three-Scale Expansion Approximations for the P1-Equations  
Using standard notation, the time-dependent P1-approximation to the neutron transport equations 
with n groups of delayed neutrons, in a one-dimensional homogeneous slab geometry, comprises 
the following coupled partial differential equations: 
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Prior to applying multiple-scale expansion method, the above equations need to be transformed 
in dimensionless form by defining the following quantities: 

( ) ,v tfΣ≡ ντ  (A.4) 
( ) ,xfΣ≡ νξ  (A.5) 

( ) ( ),v tCtc ≡  (A.6) 
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where the static criticality value of the infinite system, denoted by  , is defined as 
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while the transient reactivity change in the system, denoted by , is defined as 
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Using the above definitions in Eqs. A.1 – A.3, and limiting the resulting equations to two groups 
of delayed neutrons yields the following form for the non-dimensional P1-equations: 
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As in Section II, we introduce into Eqs. A.11– A.13 the dimensionless time parameters  
,,, 22110 τεττετττ ===  (A.14) 

and expand the time derivative operator in the series 
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It follows that the neutron flux φ, the neutron current j and the precursor concentrations cm can be 
represented in infinite series of the form 

K+++= 22110 fff εεφ  (A.16) 
K+++= 22110 jjjj εε  (A.17) 

.2,122110 =+++= mcccc mmmm Kεε  (A.18) 
Introducing Eqs. A.14 – A.18 into Eqs. A.11 – A.13 and equating the coefficients of like powers 
of 1ε and, respectively, 2ε , will yield a series of systems of equations for the respective 
functions in Eqs. A.16 – A.18. Thus, the zero-order terms (which are independent of 1ε and 2ε , 
of course) yield the following equations for the neutron flux, f0, the neutron current, j0, and the 
precursor concentrations, 0mc : 
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Equations A.19 – A.21 describe the behavior of neutron population on the time scale of prompt 
neutron production. Their solution can be obtained analytically, and will be shown to contain an 
exponential function in time accompanied by either a linear combination of two exponential 
functions in space, if the static reactivity is negative (i.e., if ak < 0), or by a linear combination of 
trigonometric functions in space, if the static reactivity is negative (i.e., if ak>0). 
 
The case of negative static reactivity (ak < 0)  
 
In this case, the fundamental solution of Eqs. A.19 – A.21 can be written in the following form: 
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The following notations have been used in Eqs. A.22– A.25: 
,3 1sae ka −≡  (A.26) 
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The variables Zn ( 2,1=n ), which appear above in the expressions of ene  and enj , denote the 
two roots of the quadratic equation 
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2 =−−−−+ aka eZasaeZ  (A.31) 

The quantities nA0  and nC0 , which appear in Eqs. A.22 – A.25, are independent of τ0, but may 
be functions of τ1 and τ2. Therefore, these quantities must be determined by using the first order 
equations in 1ε and 2ε , which read 
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Next, the quantities 10c  and 20c  are eliminated from appearing in Eqs. A.31 – A.34 by using 
Eqs. A.24 and A.25 together with the differentiated forms of Eqs. A.22 and A.23, thus obtaining 
a system of four equations for the quantities 1f , 2f , 1j , and 2j  (which represent the neutron flux 
and current in the time scales of the delayed neutrons). The resulting equations are then required 
to be independent of τ0 (which corresponds to the zeroth-order terms in ε); this requirement 
yields the following equations for determining nA0  and nC0 : 
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Solving the above equations gives the following expressions for nA0  and nC0  as functions of the 
slower time-scales τ1 and τ2  
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As indicated by the above expressions, the functions nA0  and nC0  introduce the influence of the 
delayed neutron production into Eqs. A.22– A.25, which describe the short time scales associated 
with the production of prompt neutrons. Equations A.37 and A.38 are now used to simplify Eqs. 
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A.32 – A.34, which makes it possible to solve the latter analytically to obtain the following 
expressions for the neutron fluxes f1 and f2, and the neutron currents j1 and j2: 
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The following definitions have been used in the above expressions: 
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The quantities 01b  and 02b  in Eqs. A.39 – A.42 must be independent of the fast time scale τ0, but 
may depend on the slower time scales τ1 and τ2. The later dependence is determined by following 
the same procedures as for the quantities nA0  and nC0 ; this procedure ultimately leads to the 
conditions  
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where 
.2,1,1 =−≡ mz emm βα  (A.47) 

The closed-form solution of Eqs. A.45 and  A.46 can be written in the form 
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where 
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After redefining various constants, the results obtained thus far can be collected to obtain the 
following three-scale, two-group approximation to the time-dependent P1-equations: 
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The case of positive static reactivity (ak > 0)  
 

In this case, the solution of Eqs. A.19– A.21can be written in the following form: 
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e
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The following definitions were used in the above expressions: 
,3 1sax kt ≡  (A.59) 

;2,1, =≡ nZj nen  (A.60) 
;2,1, =++−≡ naaxZe ktntn  (A.61) 

( ) ( ) ( )[ ] ,cossin 210110 ξξξ tdtd xKxKbB +=  (A.62) 
( ) ( ) ( )[ ] .cossin 210220 ξξξ tdtd xKxKbB +=  (A.63) 

In Eqs. A.60 and A.61, the quantities ( ),2,1, =nZ n  denote the two roots of the quadratic 
equation: 

( ) .03333 1
2 =+−−−+ tkt xZasaxZ  (A.64) 

Furthermore, the first-order neutron fluxes f1 and f2, and neutron currents j1 and j2 take on the 
forms 
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where 
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After redefining various constants, the results can be collected to obtain the following three-
scale, two-group approximation to the time-dependent P1-equations,: 
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Just as has been shown for the point kinetics equations presented in Section II, the accuracy of 
numerical computations using the three-scales approximation can be significantly improved by 

replacing the exponential function for the prompt neutron production term (i.e,. 0
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) 
with the exact solution for the equations describing one-group of delayed neutrons, namely 
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, which is equivalent to effecting the replacement 
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(A.75) 

in Eqs. A.48 and A.49 for the expressions of b01 and b02. The above replacement implies using 
first-order corrections to the zero-order result. For consistency with this replacement, the 
variables ε, β and sq need to be redefined by analogy with the one-group of delayed neutrons, as 
follows: 
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The constants D0n, KB1, and KB2 are determined by using the initial conditions n0 and c0m, to 
obtain 
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where the quantities jcn are the roots of the cubic equation  
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while the quantities cnc  are defined as 
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The initial conditions can be defined either by steady state values, by values computed during the 
dynamic calculation, from the last computational time-step, or by using the following 
standardized values: ( ) ( )ξφξφ 00, f= ; 10 =f ; ( ) ( )ξξ jjj 00, = ; ( ) ( )ξξ ccc mm 00, = ;  

( )Λ= mmmc λβ /0  for ( )2,1=m ; ∑=
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mcc 00 ; and
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