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ABSTRACT

This work presents the derivation of a closed form expression aswell for athree time-scales
approximation of the point kinetics equations, as the one-group time-dependent P;- and Ps-
equations, for a homogeneous multiplying medium, in planar geometry. The results produced by
the three-scal e approximation for the point kinetics equati ons are shown to be practically as
accurate as the numerical results produced by the Kaganove-type a gorithms used in production
codes, yet at significantly less costs in computational time and resources. For the P1 equations,
closed-form three-scal e approximations have been derived for the neutron flux and its higher-
order spherical harmonics, aswell as for the precursors for two groups of delayed neutrons. The
development of these three-scale approximations did not rely on imposing separation of space
and time; furthermore, they offer the possibility of adirect investigation of the differences
between the P;-, Ps-, and diffusion equations, respectively. In particular, significant differences
are observed regarding the time-behavior of the various approximations for the neutron current,
smaller differences are observed regarding the differences in the time-behavior of the various
expressions for the neutron flux, while the distinctions between the various approximations for
the precursor distributions are negligible. Furthermore, the three-scale approximations for the P;-
and Ps-eguations have been shown to be superior to the results offered by the improved
quasistatic methods described in the literature, particularly for the shortest time scalesin the
presence of large reactivity insertions.

In summary, the method of multiple-scal e expansion offers anew way for developing very
accurate and effective approximations for solving typical stiff-systems, such as the time-
dependent neutron transport and/or diffusion equations with delayed neutrons.
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1 INTRODUCTION

Asiswell known, the transient behavior of a nuclear system is governed by the distinct time
scales of the prompt and delayed neutron production. Thus, areliable computation of the
transient local power distribution within the reactor’s core would require the solution of the
space-, time-, energy- and angle-dependent neutron transport equation with delayed neutrons. In
practice, however, it is not feasible to solve exactly the time-dependent neutron transport
equation for realistic reactor core geometries, because of the tremendous requirementsin
computer power and memory demand. Popular approximations include the synthesis and space-
time separation methods [1], finite difference methods [2], modal expansion methods [3], the
guasi-static method [4], the point reactor model [5], and coarse mesh [6,7] or nodal methods [8].
The standard methods for simulating the neutron kinetics behavior of light water reactors (LWR)
rely on solving the time dependent neutron diffusion equation, without space-time separation,
using coarse mesh or nodal methods. For fast reactor systems, however, the neutron generation
time is about 1000 times smaller than for alight water reactor. Consequently, direct discretization
of the time derivative term in the transport or diffusion equation (as used for LWR’s) would lead
to prohibitively long computational time and memory demands, because the computational time-
step sizeis dictated by the neutron generation time. The today’s standard for fast reactor
calculations are the quasi-static method [9] or the point kinetics method [10,11]. However, the
separation of space and time within these methods is in some cases insufficiently accurate.

The distinct time scales for generation of the prompt and delayed neutrons cause the systems of
equations produced by any of the above approximations to display a stiff behavior in time. For
such stiff systems, regular perturbation methods fail to predict accurately the reactor’s long-time
behavior because of the inevitable accumulation of the overall errors, which grow in time even if
the local errors, at every time step, are small. On the other hand, the existence of clearly
separated time scal es suggests the use of a multiple-scale expansion [12,13] for deriving
solutions that retain their asymptotic validity, for large time values. The distinct time-scales for
such expansions are given by the time scales of the prompt and delayed neutron production.

The objective of thiswork isto apply the method of multiple-scales expansion to develop
efficient analytical approximations for describing the time behavior of the neutron popul ation
and the precursor concentration in a multiplying system with delayed neutrons. Aswill be
shown, the time-step in the approximation functions is independent of the neutron generation
time. Therefore, large time-steps can be used, without adversely affecting the solution’s accuracy.
The principles of applying the multiple-scales expansion method are demonstrated in Section 2
by using the point kinetics equations. The usability, accuracy and efficiency of the multiple time-
scales equations obtained for computing the time behavior of the neutron population are
discussed in Section 3. Also presented in this Section are results from several illustrative
computations using the three-scal e approximation for the P, and P; equations, for an idealized
homogeneous slab reactor. Significant differences are observed regarding the time-behavior of
the various approximations for the neutron current, smaller differences are observed regarding
the differences in the time-behavior of the various expressions for the neutron flux, while the
distinctions for the precursor distributions are negligible. Furthermore, the three-scale
approximations for the P;- and Ps-equations are shown to be superior to the improved quasistatic
solutions described in the literature, particularly for the shortest time scales, in the presence of
large reactivity insertions. The three-scale approximation (with two groups of delayed neutrons)
for time-dependent P; is developed in the appendix.
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2. THREE TIME-SCALESEXPANSIONSFOR THE POINT KINETICSEQUATION

The basic concepts and the practical application of the method of multiple scale expansion will
beillustrated in this section by using the point kinetics equations for amultiplying system with
delayed neutron production. Although the point kinetics equations represent a drastic
simplification of the Boltzmann equation, they do possess the typical stiff behavior introduced by
the delayed neutrons. The multiplicity of time-scaleswill be treated by using of the multiple
scale expansion method.

The development of the multiple time-scal es equations will commence by considering the point
kinetics equations with n = 2 groups of delayed neutrons, which can be written in standard form
as:

dn_r-b d

a - L n(t)+ gll mCm(t) (1)
dc b

—_MmM="m - = . 2
ot . n(t)- I ,c.(t), m=1K,n (2

In the above equations, t denotes the time variable; n(t) denotes the time-dependent popul ation of
neutrons, with effective life-time /; cq(t) represents the time-dependent concentration of the m™-
precursor, with decay constant 4, and fraction ,; p represents the reactivity of the system;

g
b ° qlbm ; and n denotes the total number of groups of precursors.

To illustrate the separation of time-scales, the point kinetics equations Eg. 1 and Eq. 2 are recast
in the following non-dimensional form:

dn

—-an=e,C, +e,c 3

dt 1%1 2%2 ( )

C:j% =b,n- e,Cn, m=12. 4

The following definitions have been used in the above equations:

a°r-b (5)
t

t°— 6
i (6)

e,=l,L, m=12 7)

The distinct time scalesinvolved implicitly in Eq. 1 and Eq. 2 can be identified in terms of the
dimensionless time parameter r and the “small parameters’ ¢,, by expanding the dimensionless
time parameter into the three time scales 7o, 11 and t», defined as follows:

t,ot, t,%et, t,%eft (8)
Accordingly, the dependent variables n and ¢, are considered to be functions of the three time
scales, namely:

n:n(to’t11t2)7 9)
c,=cC ot t,) m=12 (10)
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The time derivative operator is also expanded in the three time scales 1o, 11 and 12:

d _ Jdadt, 1 1 1 l

—q——=—+e,—+e,—+K
it iazodt Tt T, T, -9, (12)
In view of the above expansion it follows that the neutron population n and the precursor
concentration ¢y, can be expanded formally in infinite series of the forms

n=n,+en +e,n, +e7n, +K (12)

c,=C.,+€C,+e,C ,+e’c +K m=1, 2. (13)
Even though the accuracy of the approximations shown in Eq. 12 and Eq. 13 increases, in
general, as more and more terms are retained in the respective expansions, it isimportant to note
that while the accuracy of the single-scale expansionsis usually improved by retaining higher-
order terms in the respective expansion, the accuracy of multiple-scale expansions can be
improved only if additional multi-scale information becomes available.

The multiple-scale equations are obtained by inserting Eq. 11, Eq. 12 and Eq. 13 into the
dimensionless point kinetics equations Eq. 3 and Eq. 4, and subsequently collecting the terms
that contain the same powers of ¢. Thus, collecting the terms corresponding to e to the zeroth-
(lowest-) power yields the following equations for the neutron population ng and the precursor
concentrations Cpyp:

in

ﬂt—(’ - an, =0 (14)
0

7o
™ =b n,; =12

1_|,t o mn01 m l (15)

The system of first-order coupled ordinary differential equations represented by Eq. 14 and Eq.
15 provides information regarding the system’s behavior on the fastest time scale, of the order of
the prompt neutron generation time. This system can be readily solved to obtain the following
closed-form solutions:

n, = A,e™e (16)

G = B+ A" 1)
— b2 at o

Cpo = By + g Ae (18)

The above solutions contain time-dependent exponential functions and the yet undetermined
coefficients Ao, B1o, and Byg, which can only be determined with help of the solutionsto the
higher-order equations of e. These coefficients provide information regarding the influence of the
delayed neutron production on the short-time scal e of the prompt neutron generation.

Collecting the coefficients of the first order of the expansion in e yields the following equations
for neutron distributions n; and n,, and the precursor concentrations Cy; and Cryp:

ﬂn]_ +ez ﬂnz +e1 ﬂno +e2 ﬂno
ﬂt 0 ﬂt 0 ﬂt 1 ﬂt 2

1-[le +e2 1TCmZ +e1 1-[Cmo _'_e2 1-[Cmo -
it it it it ,

€

- €,an, - e,an, =e,C;; +€,C,, (19)

e e,b.n +e,b n,-e.c., m=1 2. (20)
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The above system of three coupled equations is characterized by the longer time scales
associated with the production of delayed neutrons. To solve these equations, we use Eg. 16
through Eqg. 18 in Eg. 19 and Eq. 20. The result is the following equation for the neutron
distributions n; and ny:

€1 1?’[ ; *e, Et 2 - ean, - e,an, =e,By, +e; — i Aoeato +€,By
0 0
(21)
+ A)eato el ﬂlab an ﬂ'Ab
I, ﬂ 2

The above equation must be independent of any termsin 7o, since the later are zero-order terms.
Requiring, therefore, the vanishing of all termsin o leads to the following equation for the
quantity Ao:
JEA by, 0 A b, 0
Al Al =0 22
gﬂtl Ao gﬂtz Pk (22)
The above equatl on can be readily solved to obtain

by +g
'A‘o(tlitz):Doeatl "’ (23)
The quantity Ao introduces the influence of the delayed neutron production into the equations for
the short time horizon of the prompt neutron production. Note that the coefficient Do is a bone-
fide constant, which would remain to be determined later, by using the initial conditions.
Inserting now Eq. 22 into Eq. 21 simplifies the latter considerably, and the resulting first order
differential equations for n; and n, can be solved to obtain

0= A - 2By, )
e L
= Ag™ - By, (25)

In the above equations, the coefficients A1, Az, Bio and B,y must be independent of to. Their
expressions can be determined by using Eq. 16 trough Eqg. 18, Eq. 24, and Eq. 25 in Eq. 20. The
arising equations for the precursor concentrations ¢, and ¢, give the requirements for the
coefficients Byo and By. Thisrequirement is fulfilled by imposing the conditions:

1-[Blo ﬂ 10

+e +e,a,B, +e,B)y =-e,a,B 26
ﬂt 2 ﬂtz 1 10 1*~10 2 20 ( )
ﬂ 20 ﬂ 20

e, te, +e,a,B,, +e,B,, =-ea,B 27
It it ,
Note that the definition
amob_m, m=12, (28)
a

has been used in Eq. 26 and Eq. 27 in order to simplify the notation.
The above system of partial differential equations can be solved exactly to obtain:

1 1
Blo - KBle' E[(a1+1)81+(a2+1)ez— rk. N KBze— E[(a1l+1)el+(a2+1)ez+r]12 ’ (29)
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a (a 1 + 1k1 - (a 2 + 1k2 +r - %[(al+l)el+(a2+1)e2_ r][ 1

By =- o b
21 30
~a (@, +e,- @, +1e,-r Koo %[(a1+1)e1+(a2+1)ez+r]tz (30)
2 2e,b, 52 '
where

ro \/ef -2ee,-2e,a,e, +2a, +el +2efa,-2e,ea, +efa’ +2e,a.ea,+e’a’. (31)

In the above expressions, the coefficients Kg; and Kg; are constants to be determined from the
initial conditions for the distributions of neutrons and precursors.

It isimportant to note that Eqg. 29 and Eqg. 30 involve solely the slow time-scales, which means
that this system of equationsis no longer stiff. The development of the multiple-scales expansion
can be stopped at this point, since the approximation obtained at this point is sufficient to obtain
afirst order solution. Collecting the results obtained yields the following first-order expressions
for the concentrations of neutrons and precursors.

1 1
n=n,+en, +e,n, = D,e*:?42e% - ¢ “B +e,-B, (32)
a a
C,=Cp = % D e dz2e0 + B (33)
—_ _ b2 D at,tat,atg +B 34
Cz—Czo—; o€ € 20 (34)

Note that when the reactor is prompt critical (i.e., when p = f), thena = 0 while a; and a,
become infinite, in which case the removable singularity in Eqg. 32 through Eq. 34 causes
numerical instabilities. This problem can be circumvented by replacing the exponential functions

ati+adt, qatg

€ *€7% with the exponential resulting from exact solution for one group of delayed
1
neutrons, namely e2( ko , Which is equivalent to using first-order corrections to the zero-
order result. Thisimplies that the expression of the quantity a becomes
lee o 0
a=—Gr-qb-e-qgz (35)
Zg P 2
where
qo\/a2+2ea+e2+4be, (36)
o
a. l ibi
go ! L. 37
&b, =

In Eq. 37, the summation runs over al the available groups of precursors. Furthermore, to avoid

overestimating the production of precursors, the expression of the quantities o, need to be

redefined as

ap,®° O ,  m=12 (38)
ate,

At this stage, the constants Do, Kg1, and Kgz, which appear in Eqg. 32 through Eq. 34 can be

determined in terms of theinitial conditions, ng and com, for theinitial conditiones, to obtain:
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an, - en, +qn, - 2(00161 + Cozez)

1-
D. ==
°72 q (39)
- 2an0b1 + 2Doab1 B 2e1K32b1 + KB2ael(a1 +1)' Kszaez(az +1)' Kszar
KB]_ - (40)
2eb - ae,(a, +1)+ae,(a, +1)- ar
K = (ez(az +1)' el(al +1))001 - Gy - 2Cozzez (41)
B2

-2r
The system of equations comprising Eq. 32 — Eq. 34, with the respective constants given by Eq.
35 through Eq. 41 will be called further on the “three-scale approximation”. The initial
distributions of neutrons and precursors can be defined either during the dynamic calculation (by
the values at the end of the previous computational time-step) or from a standard steady state,

m

eg., n, =1, c,, =|—

approximation for the P,or Ps-equations is obtained by following an entirely similar path as for
the point kinetics equations, above [16, 17, 18]. However, the corresponding mathematical
derivations do not bring any new concepts, and are considerably more involved than those for the
point kinetics equations; therefore, the derivations for the P;-equations are relegated to the
Appendix. The derivations for the Ps-equations can be found in the references.

, m=1 2.The systems of equations which comprise the three-scale

3. ILLUSTRATIVE COMPUTATIONSUSING THE THREE-SCALE
APPROXIMATIONS

Theillustrative computational results presented in this section aim at investigating the efficiency
and accuracy of the three-scal e approximation that was developed in the previous section.

Itisof specia interest to assess the accuracy of the three-scal e approximation by comparison to
the standard point kinetics equations with six groups of delayed neutrons. Of course, such a
comparison must aso take into account the fact that the standard six-group point kinetics
equations need to be solved iteratively, so there will be a trade-off between solution accuracy and
computational time requirements. The standard method for solving the point kinetics equations
in accident analysis codes for fast reactorsis an iterative numerical method based on the
Kaganove algorithm [14]. Figure 1 illustrates the close agreement between the results produced
by the iterative Kaganove algorithm for afast reactor with 6 groups of delayed neutrons,
undergoing a strong positive reactivity insertion (r = 0.9 $), and the results obtained by using the
three-scal e approximation. For comparison, the results produced by the simpler two-scale
approximation (corresponding with the reduction of the number of delayed neutron groups)
which becomes increasingly worse in time are also depicted. The three-scale approximation
produces very accurate results, practically indistinguishable from the Kaganove results.
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Figure 1: Neutron population following a positive reactivity insertion (r = 0.9 $):
comparison of two- and three-scale approx. with theiterative Kaganove algorithm

The time behavior of the difference between the standard iterative Kaganove algorithm with 6
groups of delayed neutrons and the three-scal e approximation, depicted in Fig.2, indicates that

the absolute value of this difference increases linearly in time, but remains quite small in

absolute value. The relative difference stays below 0.1 %o.
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Figure 2: Evolution of the difference between the three-scale approximation solution
and theiterative Kaganove algorithm (6 groups)

Having assessed the accuracy potential of the three-scal e approximation, the remaining question
to be addressed is that of evaluating the computational efficiency of this approximation. Since

the respective approximation simply involves the computational evaluation of closed form
expressions, its numerical efficiency if far superior to any method that would require the
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numerical solution of the point kinetics equations. Thus, the distributions of prompt and delayed
neutrons predicted by the three-scal e approximation can be evaluated immediately, at any
particular point in time, while the prediction of these distributions by using the Kaganove
method necessarily requires an iterative process, by using time steps dictated either by the
limitations of the neutron generation time and/or the convergence criterion selected by the user
for the Kaganove algorithm. To illustrate the potential efficiency of the three-scale
approximation, three cases have been investigated. Thefirst case (“Case 0”) involves asmall
stepwise reactivity perturbation (r =0.1 $) that causes only avery small changein the neutron
population. The second case (“Case 1”) involves alarge perturbation (r =0.9 $), which causes a
massive increase in the neutron population. The third case (“Case 2”) involves areactivity
insertion in-between the first two cases (r =0.75 $). Note that the iterative computations using
the Kaganove a gorithm (with 6 delayed groups) for “Case 0" and “ Case 2" were stopped by the
time limitation criterion (tmax = 0.1 S), while “Case 17 was stopped by the power limitation
criterion (Pmax = 5 timesinitial value).
The efficiency of the multi scale approximation solution is illustrated by computing the time
reduction factor gained by using the three-scal e approximation instead of the Kaganove
algorithm, for the same level of accuracy. The results for this time reduction factor will
henceforth be caled, for short, “time gain”, and are presented in Table 1 for the three cases
described in the forgoing, as a function of the convergence criterion, e, employed for the
Kaganove algorithm. For the small perturbation (r = 0.1 $) and the limiting time step of 0.1s, the
time gain varies between (afactor of ca) 2.6 and (afactor of ca) 366. The time gain rises more
dramatically for large perturbations (r = 0.9 $), even when the reaching of the limiting factor in
the neutron population causes a reduction of the overall time step to 0.001 s. The largest time
gain is obtained for arelative big perturbation (r = 0.75 $) in combination with abig over al
time step, since, in this case, the limiting factors in time and neutron popul ation are reached
nearly simultaneously.

Table 1: Timegain for the three-scale approximation versustheiterative Kaganove

algorithm (6 groups)

e (Kaganove) | “Case(” timegain “Casel’ timegain |“Case?2’ timegain
0.01 2.6 4.3 7.8

0.001 2.6 12.0 45.8

0.0001 24.6 49.1 368.4

0.00001 170.9 >10° >10°

0.000005 365.9 >10° >10°

Asillustrated by the results shown in Table 1, above, the time gain for point kinetics calculations
depends very strongly on the convergence criterion, €; this strong dependence begs the question
of the “best setting” of the value for e to be used in the so-called “ production” (as opposed to
“research”) codes, when dealing with changing reactivity values. For example, in computer
codes, the convergence criterion, e, is often set at a“default value”, independent of the reactivity
change; moreover, this“ default value” can vary over alarge range, depending on the specific
code. Thus, in the SAS4A accident analysis code [11], which uses the point kinetics method, the
default value for eis set at 5¢10°°. On the other hand, in the accident analysis code SIMMER-I1
[9], which uses the quasi -static method, the default value for eis set at 0.001. The results shown
in Table 1 indicate that the implementation of the three-scale approximation into (existent or
future) production codes could avoid this problem.
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Results from several illustrative computations for the space-time dependent problem using the
three-scal e approximation developed in the appendix will be presented following using an
idealized case of ahomogeneous slab, of infinite extent, subject to vanishing flux conditions, for
both the prompt and delayed neutrons, on the extrapolated slab boundaries. The materia

properties characterizing the slab are as follows: (vnSf )'1 =10 10%s; s =20; a, =0.2;

b, =4.277" 10%; b, =3.223" 10%®; L =1.0" 10%®s; |, =2.926s%; | , =0.02613s™;

K. =Ky =0; K,, =K,, =1. The material properties (e.g., prompt and delayed neutron
properties) chosen above are the same as for the point kinetics calculations, in order to facilitate
the discussion of the multiple time-scale structure of the P;- and Ps-equations by comparison to
the point kinetics equations. The following additional quantities are used for the three-scale
approximation to the Ps-equations: s, =100, s, =120, K,; =K,, =K ,; =K,, =0.
Theillustrative computations to be presented next (in Figs. 3 through 9) are for a (moderate)
reactivity insertion of r = 0.3 $. Recall aso that the solution of the time-dependent diffusion
equation for this simple paradigm geometry consists of the point-kinetics equations multiplied by
asine/cosine functional dependence in space. The actual forms taken on by the three-scale
approximations of the prompt neutron fluxes for the diffusion, P;, and Ps-equations are,
respectively:

g (1) = (- 0.43el52) - 1.44e(0%7) 1 2 86e(*™*) ) c05(3.4641x ) (45)

fo ()= 0127 1096l 20") - 043605 1 446l 4 2 86al2) ) cos(3.4641x)  (46)
f, (,0)=[ 0117 10%el2290) + 0 87" 10l ") - 058" 10-2¢l 02 2"

- 0.436" %) 1 44029 1 2 866 ) cos(3.4668x ))

Because of the symmetry inherent to the slab-geometry of the paradigm problem, the results to
be presented in this Section are displayed only for (the negative) half of the x-axis. Figure 3
depicts the space-time distribution of the neutron flux, in the three-scale approximation,
expressed by Eq. 46, for the P;-equations.

(47)

Figure 3: Neutron flux distribution, computed with the three-scale approximation
of the P, equations, for areactivity insertion of r =0.3%

AsFig. 3 clearly shows, only the three longest-lived terms influence the behavior of the prompt
neutron flux on the time-scales relevant to nuclear reactors. The shorter lived terms[i.e., the first
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termin Eq. 46, and the first three termsin Eq. 47] vanish far too quickly to visibly influence the
rise of the prompt neutron flux on the reactor-type time scales considered in this work.

Figure 4: Distribution of delayed neutron prec. for thefirst group, computed with
the three-scale approx. of the P; equations, for areactivity insertion of r =0.3%.

Figure5: Distribution of delayed neutron prec. for the second group, computed
with the three-scale approx. of the P; equations, for areactivity insertion of r =0.3%.

Figures 4 and 5 depict, respectively, the space-time distributions of the first and the second
groups of delayed neutrons in the three-scale approximations. The cosine-distribution of both the
prompt and delayed neutrons, in the spatial direction is also apparent in Figs 3 to 5, as expected
in view of the homogeneous infinite slab geometry considered in these illustrative examples. The
neutron fluxes given by Eq. 45 and 47, which express the three-scal e approximations
corresponding to the diffusion and Ps-equations, respectively, show asimilar space-time behavior
asthat depicted in Figure 3. The differences between the fluxes computed using Egs. 45, 46, and
47, starting all computations from identical initial conditions and effecting the same reactivity
insertion of r =0.3%, are depicted in Figs. 6 and 7. Both of these figures display a positive peak in
the time interval below 0.001 s, after which the differences vanish rapidly in time. The reasons
for the shape of this peak become apparent by examining Egs. 46 and 47. The three-scale
approximations for the P; and for the Ps-equations contain one and, respectively, three additional
exponential functions, with large negative exponents; furthermore, the respective terms (which
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simulate the prompt neutron production) are not identical. The additional exponential terms
appear because of the time-derivatives of the higher-order spherical harmonics neutron fluxes.
These derivative terms are discarded when deriving the diffusion approximation from the
neutron transport equation. However, if the space and time coordinates are separated ab initio (as
practiced within the improved quasi -static method [22]), these additional exponential functions
would not appear either within the corresponding diffusion or the P; or Ps-equations. In other
words, imposing an ab initio separation of space and time for solving the neutron transport
equation would cause the time behavior of the P, and/or P; approximations to be the same as that
of the diffusion approximation; the differences shown in Egs. 45, 46, and 47 for the respective
three-scale expressions for the neutron flux arise from the fact that the starting equations the
respective P; - and Ps- approximations were obtained without having imposing a space-time
separation on the full-fledged neutron transport equation. To summarize, the differencesin the
respective prompt terms and the terms which appear additionally in Egs. 46 and 47 (but do not
appear in the diffusion approximation described by Eq. 45) represent the transport effects on the
time-behavior of the neutron distribution within the paradigm slab reactor.

The absol ute value of the peak depicted in Figs. 6 and 7 depends on a, and other system

parameters; the peak maximum is attained in the beginning of the transient, and is about 1% of
the absolute change in the neutron flux for this special case (r =0.3$). Afterwards, the
exponentials with the largest negative exponents decay very rapidly. For longer time values, the
differences depicted in Figs. 7 and 8 vanish, since the long-term behavior of Egs. 45, 46 and 47
is governed by identical terms.

L)
o+

e

.2 IL’\LJ g S e ':l[l:ﬂ

Figure6: Difference[f , (t)- f 4 ()], using Egs. (85) and (84).

am1g=~?!-

0.0011

0,001

Q05

Figure 7: Difference[f F,3() it ( )] using Egs. (86) and (84)
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Comparing Figures 6 and 7 indicates that the absol ute value and the time duration of the peak for
the three-scal e approximation of the Ps-equations are close to the results obtained using the
three-scal e approximation of the P;-equations. The time-dependent differences, which are dueto
the additional two exponential functionsin f (t), are relevant only on atime scale which is

shorter than the time scale considered for calculations in nuclear reactors. On the other hand, the
spatial-dependent differences arise from the slightly different arguments of the cosine functions
that appear in Egs. 47 and 45, respectively. The foregoing observations indicate that the
considerable additional work involved in using the three-scal e approximation for the Ps-
equations [17, 18] brings little improvement of the quality of the results, asfar astheir time-
behavior is concerned, as compared to using the three-scal e approximation for the P;-equation
instead of the three-scale approximation for the diffusion equation. Hence, the three-scale
approximation for the Ps-equation may be advantageous to use for a more accurate modeling of
the spatial distribution of the neutron flux (especially if the additional terms with the constants
K3 and K4 are needed), but the three-scal e approximation for the P;-equation would suffice for
modeling most transients of interest for nuclear reactors.

1005
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Figure8: Difference[ j, (t)- jg (t)], computed with the three scale approximation for
the P; and the diffusion approximation, respectively.

Figure 8 depicts the distribution, in space and time, of the difference| j, (t) - T (t)] , computed

by using the three scale approximations for the P;- and the diffusion equations, respectively. The
difference between these two approximations is significant, reaching a peak of ca. 20%, for a
very short time interval, immediately after initiating the transient computations. The explanation
of this difference is provided by examining the respective equations. on the one hand, the three-

scale approximation for the neutron current computed from the diffusion equation, j 4 (t) ,is

obtained by a multiplying the standard point kinetics solution by the respective stationary spatial
distribution; on the other hand, all of the short-time dependent terms drop out during the
development of j, (t), asindicated by Eq. A.72. The corresponding result for the three-scale
approximation of the neutron current corresponding to the Ps-equations of the same structure,
and its behavior in space-timeis very similar to that of | (t).
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The behavior in time of the (space-time dependent) precursor distributions is nearly identical for
the three-scal e approximations of the diffusion, the P;-, and the Ps-equations, since the
dominating exponential functions are identical in the respective approximations. The
differentiated effects of the reactivity insertion’s magnitude on the three-scal e approximations for
the diffusion and the P;-equations, respectively, areillustrated in Fig. 9, for a prompt critica
reactivity insertion. This large reactivity insertion highlights not only the short-time behavior of
the difference[f  (t)- f 4 (t)], but also underscores the fact that, for large perturbations, this

difference does not vanish as time progresses, as was the case for the smaller reactivity insertion
(of r=0.3%) considered in Fig. 6. Asshown in Fig. 9, the difference [f , (t) [ (t)] increases

over thetimeinterval considered in the computation, with the rate of increase commencing at
about 1.8 % and reaching an asymptotic value of about 1.3 % of the absolute change in neutron
flux, during the transient computation for this paradigm homogeneous slab reactor. The time
behavior of the difference [f , (t)- f 4 (t)] confirms the expectation that the influence of the

three-scal e approximation for the P;-equations is more pronounced for strong transients, in
which the prompt neutron production dominates the overall time evolution of the neutron
distribution. The differences in the corresponding three-scal e approximations for the precursor
concentrations are not sensitive to the magnitude of reactivity insertion, for reasons already
discussed in relation to Figs. 5 and 6.

—T"
o a1 fi]]
e L

0 -_'_FFOCUJZ
t L

Figure 10: Difference[f a(t)' [ (t)] for a prompt critical reactivity insertion.

3. CONCLUSIONS

The method of multiple scale expansion offers anew way for the development of very accurate
and effective multi scal e approximation functions for different approximations of the time
dependent Boltzmann equation with delayed neutrons. The developed multi scale analytic
approximation functions are powerful and effective tools for the analysis of the time behavior of
multiplying systems with delayed neutron production.

The analysis of the accuracy of the multi scale approximation solution has shown very good
agreement in the comparison with the standard iterative solution with 6 groups of delayed
neutrons on the basis of the Kaganove a gorithm. Although atime gain is achieved for every
configuration, the actual amount of the time gain depends strongly on the system parameters and
the convergence criterion of the numerical algorithm. The gain varies between factors of 3 up to
10° for the test cal culations.
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It is also important to note that, although the three-scal e approximation of thiswork is limited to
two groups of delayed neutrons; this limitation could be readily removed without loss of
consistency if the number time scales were to be increased to four or five scales. In such a case,
the multi-scal e approximation would be developed by using the same already described strategy
asillustrated in Section 11 and also in the appendix; for five time scales, for example, the
corresponding versions of Eq. 26 and Eq. 27 would constitute a system of fourth order instead of
the system of the second order.

The multiple scale expansion method has been used to devel op closed-form three-scale
approximations for the time dependent P;-equations for a homogeneous multiplying material, in
planar geometry, with two groups of delayed neutrons. Closed-form three-scal e approximations
have been obtained for the neutron flux and its higher-order spherical harmonics, as well as for
the precursors for two groups of delayed neutrons. The development of these three-scale
approximations did not rely on imposing separation of space and time; furthermore, they offer
the possibility of a direct investigation of the differences between the P;-, Ps-, and diffusion
equations, respectively. Thus, significant differences are observed regarding the time-behavior of
the various approximations for the neutron current, smaller differences are observed regarding
the differences in the time-behavior of the various expressions for the neutron flux, while the
distinctions between the various approximations for the precursor distributions are negligible.
Furthermore, the three-scale approximations for the P;- and Ps-equations have been shown to be
superior to the results offered by the improved quasistatic methods described in the literature,
particularly for the shortest time scales, in the presence of large reactivity insertions.

One way for implementing multiple time-scale approximations for creating new and efficient
solutions strategies for the time-dependent neutron transport equations with delayed neutronsis
by splitting the main matrix of a neutron transport code by using the closed-form expressions,
developed in thiswork, for the three-scal e approximation to the P;-equations.

Such a splitting of the main matrix of a neutron transport code would lead to severa sub-
matrices, each of them corresponding to the respective time scal es underlying the multiple scale
expansion. These single sub-matrices would be considerably smaller than the main matrix, and
could therefore be inverted directly, because these sub-matrices would no longer be stiff. In
principle, such a procedure would amount to an inversion of the main matrix by block
partitioning (each block corresponding to a specific time-scale); such an inversion procedureis
usually more efficient than the standard iterative one. Thus, the gain in efficiency offered by
implementing closed-forms expressions derived from multiple-time expansions is not obtained
from potential use of the larger possible time steps due to the analytical approximation solution
but from the more efficient mathematical methods. Furthermore, closed-forms expressions
derived from multiple-time expansions can also be used in concert with customary acceleration
methods.

To summarize, the method of multiple scale expansion offers a new way for developing very
accurate and effective approximations for solving typical stiff-systems, such as the time-
dependent neutron transport and/or diffusion equations with delayed neutrons. Further
extensions, beyond the paradigm examples provided in this work, would be the consideration of
more than three time-scales and a combined expansion that would separate multiple-scal es not
only in time but also in space.
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APPENDIX A

Three-Scale Expansion Approximationsfor the P;-Equations

Using standard notation, the time-dependent P;-approximation to the neutron transport equations
with n groups of delayed neutrons, in aone-dimensional homogeneous slab geometry, comprises
the following coupled partia differential equations:

19 (x,t) . Ti(x.t) (. g

ot +S,f(xt)=(1 b)ﬁSff(x,t)+ia:lIiCi(x,t), (A.1)
L9(xt) 196 (xt) o oy

e +3 o +S, j(xt)=0, (A.2)
—ﬂCiﬂ(tX’t):binSff (xt)-1,G(xt)  i=l..n (A-3)

Prior to applying multiple-scal e expansion method, the above equations need to be transformed
in dimensionless form by defining the following quantities:

tovps, (A.4)

x° s, )x, (A.5)

ct)e vc(t), (A.6)
Slr

s ° nS, (A7)
nsS; - S,

o0 Ths, AR (A8)

where the static criticality value of the infinite system, denoted by a, , is defined as

akonSf-Sa, (A9)
nS, '

while the transient reactivity change in the system, denoted by a , is defined as

qo Sa MSe (A.10)
nS; '

Using the above definitionsin Egs. A.1 —A.3, and limiting the resulting equations to two groups
of delayed neutrons yields the following form for the non-dimensional P1-equations:

31_I+11T]_)J(_ (ak +a)f =€,C *+6,C,, (A-ll)
I 19f C_

U L =0, _
it +3.”X +5] (A.12)
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%mmf e c, m=12 (A.13)

Asin Section |1, we introduce into Egs. A.11—- A.13 the dimensionless time parameters
t,=t, t,=et, t,=et, (A.14)
and expand the time derivative operator in the series

d

_:i+eli+e2i+K (A.15)

da  Tt, It 1t ,
It follows that the neutron flux f, the neutron current j and the precursor concentrations ¢y, can be
represented in infinite series of the form

f=f,+ef +e,f,+K (A.16)
j=loted te ], +K (A.17)
Ch,=Cot€ C,te,C,tK m=12. (A.18)

Introducing Egs. A.14 —A.18 into Egs. A.11 — A.13 and equating the coefficients of like powers
of €1 and, respectively, €2, will yield a series of systems of equations for the respective
functionsin Egs. A.16 —A.18. Thus, the zero-order terms (which are independent of e, and e,
of course) yield the following equations for the neutron flux, fo, the neutron current, jo, and the
precursor concentrations, C,,,:

fifo . Yo _
Mo (Mo f, =0, |
T, + x (a, +a)f, (A.19)
Mo L2196 . _
Mo 4 = Wo =0,
ﬂto +3ﬂX +SlJO (AZO)
flCmo _ _

™ =p_f,, =12.

ol 1 (A.21)

Equations A.19 — A .21 describe the behavior of neutron population on the time scale of prompt
neutron production. Their solution can be obtained anal ytically, and will be shown to contain an
exponential function in time accompanied by either alinear combination of two exponential
functionsin space, if the static reactivity is negative (i.e., if a < 0), or by alinear combination of
trigonometric functionsin space, if the static reactivity is negative (i.e., if a>0).

The case of negative static reactivity (a, < 0)

In this case, the fundamental solution of Egs. A.19 —A.21 can be written in the following form:

fo = (K 6% +K &%) A, e¥°, n=12; (A.22)
jo = (K€ - K€ %) [ Ane™e +Coe e, n=12 (A.23)
X - e,X b
C10 = (leeeal + KXZe " )e_l 'A\)neemto + BlO(X )’ n :12’ (A24)
— e.X - €.X b2 €t 0 —
Cyo = (lee T HKET )e_ A€ + Bzo(x )’ n=12. (A.25)

en

The following notations have been used in Egs. A.22—A.25:

e, ° .- 3s, (A.26)
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By (X)o b01(Kdleeax + Ky, ™ )’ (A.27)
By (X)O boz(Kdleeax + Ky )’ (A.28)
€n * -4 & ta +ta, n=12 (A.29)
J © Z,, N=12. (A.30)

The variables Zn (n =1,2), which appear above in the expressions of e,, and j,,, denote the
two roots of the quadratic equation

3Z%, +(- 3a, - 3s,- 3a)Z- e, =0. (A.31)
The quantities A,, and C,,, which appear in Egs. A.22 —A.25, are independent of to, but may

be functions of t1 and t,. Therefore, these quantities must be determined by using the first order
equationsin e, and e,, which read

if, iif, i, ﬂf i, 1,
e,—+te,—~+e —+e, e—e—-e +a)f - e +a)f
1ﬂto Zﬂto 1ﬂtl ﬂl’ lﬂX 2 x l(ak ) Z(ak ) 2 (A.32)
=€,Cyp t€,Cy,
'”11 + i, L 9o Mo 19f, 11f,
e, +e, +e, +e,-—1+e,-—2+e +e =0,
S, O, o, T, T TRy ek e (A.33)
€ oy te, Chrp t€e g te g =eb,f,+e,b, f,- e, c. m=12. (A.34)

it fito fit, fit

Next, the quantities c,, and c,, are eliminated from appearing in Egs. A.31 —A.34 by using
Egs. A.24 and A.25 together with the differentiated forms of Egs. A.22 and A.23, thus obtaining
asystem of four equations for the quantities f,, f,, j,, and j, (which represent the neutron flux
and current in the time scales of the delayed neutrons). The resulting equations are then required
to be independent of to (which corresponds to the zeroth-order termsin €); this requirement
yields the followi ng equations for determining A,, and C,,:

o HA, by 0 A, b, ) O _1o.
g'ﬂt - A)n gﬂt - A)"B 0, n=12 (A.35)

en en

el(lee%x - KXZG_ eax) jen ﬂADn eee"to +el ﬂCOn e_Slto +
Tty Tty

eZ(leeeax - Kx2e_%x) jen%ee‘ento +e2 ﬂ on
it , t,

Solving the above equations gives the following expressionsfor A,, and C,, asfunctions of the

slower time-scalest; and t»
LU o)

Abn(t 1t 2)= DOneeen & n=12
bl 2

Conlt 12t 2) =~ jenDon g o gfatsho (leeeﬁ‘X - K e )+ C,, n=12 (A.38)

Asindicated by the above expressions, the functions A,, and C,,, introduce the influence of the

delayed neutron production into Egs. A.22—A.25, which describe the short time scales associated
with the production of prompt neutrons. Equations A.37 and A.38 are now used to simplify Egs.

(A.36)
e =0 n=12

(A.37)
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A.32 -A.34, which makesit possible to solve the latter analytically to obtain the following
expressions for the neutron fluxes f; and f, and the neutron currents j; and j»:

f, = (leeeax +K e ) A e¥o+ zlebOl(Kdlee‘ﬁX +K € eax) n=1.2 (A.39)

f, = (Kae™ +K e %) Ayt + 2., (K 6% +K e ) n=1.2 (A.40)

jl = (lee%x - sze- & ) jenAlneeento + ZZeb01(KdleeaX - Kdze- %X) n=1.2 (A4l)

P (leeedx - Ky 8™ ) JenPon€% + Z,0b, (Kdleeax - Kyo€ edx) n=1.2 (A.42)

The following definitions have been used in the above expressions:

2,° - 2, (A.43)

a

zZ, o ie A.44

© Zag o (A.44)

The quantities b,, and by, in Egs. A.39 —A.42 must be independent of the fast time scale t, but

may depend on the slower time scales t; and t,. The later dependence is determined by following
the same procedures as for the quantities A,, and C,, ; this procedure ultimately |eads to the
conditions

b b
el_01 te, = +e1a1b01 + e1b01 =- eza1b021 (A-45)
ity Iit,
b b
elh"'ezh"'eza 2b02 +e2b02 =- elaZbOl’ (A-46)
Tt, 1,
where
a,°®-b,z.,, m=12 (A.47)
The closed-form solution of Egs. A.45 and A.46 can be written in the form
1 1
b01:KBle 2[(11)1(21)2 ]'[ +KBze 2[(11)1(21)2 ]I’ (A48)
b =- E (al +1)el - (a 2 +1)62 + 9 K e‘ %[(al+l)el+(32+l)62' sk
02 2 ezbl B1 (A 49)
) E (al +1)el - (a2 +1)82 - S K e‘ %[(alﬂ)el*'(az*'l)eﬁs'][ .
2 2e,b, 52 '
where

s ° Je?-2ee,-2ea,e +2e7a, +el +2e%,- 2,00, +elal +2ea.ea, +efaZ.  (A50)
After redefining various constants, the results obtained thus far can be collected to obtain the

following three-scale, two-group approximation to the time-dependent P;-equations:

b
—Lt,+-2¢,

b
X -ex | & o

f=f,+e,f +e,f, = (K ¥ +K &% )a Dye® & et A5

+elzle(KdleeaX +Kg €™ )b01 +ezzle(KdleedX + Ky €™ )boz’ n=12

j=loteite,], =

X - X X -ex (A52)
elzZe(Kdleed - Kdze * )b01+e222e(Kdle% - Kdze * )b02.
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D1y D2y

G, =Cp = (K 6™ +K %) & %DOne"‘m Ve tento 4 (K 6% +K e % )b, n=12 (A53)
b &tﬁ&tz

C, =Cy = (lee%X + sze'eax)é e—ZDOne"‘m & gfelo +(|<dle%X + Kdze_edx)boz! n=12. (A.54)

The case of positive static reactivity (ax > 0)
In this case, the solution of Egs. A.19—A.21can be written in the following form:

fo = [Kasin(xx) + K, cos(xx)] A€, n=12; (A.55)

jO = [- le COS(XtX) + Kx2 Sin(X[X )] jtn'Abneemto + COne_ o ’ n= 12’ (A56)

o = [ sinog)+ Koo ol 0 A +Bofe) n=12 (A57
. b "

Co = [lesm(xtx)"' K COS(XtX )] e[_z Ao, €570 + Bzo(x )’ n=12. (A.58)

The following definitions were used in the above expressions:

X © 33, (A.59)

Jen © Z,,, n=212 (A.60)
e, °-Zx+a +ta n=12 (A.61)
Byo (x) = B[ Ky sin(xx) + K., cos{xx )], (A.62)
By (x) = boo K g1 Sin(x:x) + K, cos{x )] (A.63)
In Egs. A.60 and A.61, the quantities Z, (n =1,2), denote the two roots of the quadratic
equation:

3Z%x +(- 3a, - 3s,- 3a)Z+x =0. (A.64)

Furthermore, the first-order neutron fluxes f; and f,, and neutron currents j; and j, take on the
forms

fl = [les.n(xtx)-i- Kx2 COS(XIX )] A&neqnto + thbOl[Kdls.n(XtX)-i- Kd2 COS(XtX )]’ n= l2’ (A65)
f2 = [legn()(,[X)+ I<X2 COS(XIX )]'A‘ZneemtD + thbOZ[Kdls.n(XlX)-i- Kd2 COS(XIX )]’ n= 1’2’ (A66)

iy = Koq0os{xx)+ K, sin(x ] 4,87+ -
Zztb01[' Kdlcos(xtx)"'Kszin(xtX)]' n=12 (460
Jo =[- Ko cos(xx)+ Ky sin(xx)] i Auet + A 63
2ubul- Koy 008xx)+ Ko sinfx), n=12 (469
where
2,03 (A.69)
a
o 1
Zy agxt (A.70)

After redefining various constants, the results can be collected to obtain the following three-
scale, two-group approximation to the time-dependent P;-equations;:

American Nuclear Society Topical Meeting in Mathematics & Computations, Avignon, France, 2005 21/23



f (t ): fo+ef, +e,f, =

by b
e o ] Dy am
+elzlt[Kdls|n(XtX)+ Ka2 COS(XtX)] By +e221t[Kdlgn(XtX)+ Ka2 COS(XtX)] er N=12;

j(t )= jotete,j, =

_ _ A.72

elzzt[' Kdlcos(xtx)+ Kd2S|n(XtX)] b01+eZZZt [' Kdl Cos(xtx)+ Kdzsm(xtx) b021 ( )
blt +bz

— — . €en em nf o
Cl(t) Cio [lesm(xtx)+KX2cos( )]a e, Do, € (A.73)
+[K y sin(xx )+ K, cos(xx )] by, n=12

b1 b2,

&)= G =[K u SN(xx) + K , cos(xx)] & 22Dy e = “e¥is (A.74)

+ [Kdlsin(xtx)+ Kaz COS(XtX )] By, N=12.

Just as has been shown for the point kinetics equations presented in Section 11, the accuracy of

numerical computations using the three-scal es approximation can be significantly improved by
Dy D2

replacing the exponential function for the prompt neutron production term (i.e,. e * gtuto )

with the exact solution for the equations describing one-group of delayed neutrons, namely

1
ez( ’ Sq)t",whichis equivalent to effecting the replacement
a° %(r -b-e- ) (A.75)

in Egs. A.48 and A .49 for the expressions of bg; and bo,. The above replacement implies using
first-order corrections to the zero-order result. For consistency with this replacement, the
variables g, § and sq need to be redefined by analogy with the one-group of delayed neutrons, as
follows:

é l ibi
eo iéb. L, (A.76)
beab;, (A.77)
5 ° jJa?+2ea+e? +4be _ (A.78)
a,° aEme , m=12. (A.79)

The constants Do, Kg1, and Kg; are determined by using theinitial conditions ny and com, to
obtain

D =. JoCa~ foCetlca ™ Coder tColea ™ JoCes * foCeslca
02

clj03+cczjcl_ C02j03_ C03jcl_ Ccljcz +C03j02

(A.80)
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D,, = _ JoCu- foccl_jcz - joc.:cz + fOC-(:chl +Crojc2 - C(?jcl’ (A.81)

cljc3 CooJar ™ Cealez™ Cealer = Calez T Cozlea

KB
(2(D,, + Dy, ) ab, - 2af b, - 2e,Ky,b, +K,,ae (@, +1)- Ky,ae,(@, +1)- Ky,ast)  (A.82)
(Zelbl ae,(a, +1)+ae,(a, +1)- asr) ’

b
K = (ez(az +1)' el(a1+1))001' S Cy - 2C02 ;lez (A.83)
o - 29 '
where the quantities jcn are the roots of the cubic equation
(354~ 328 - 3y 335 )i +
(3es_L 6a,s +3ea, - 3sa+3be +3ae - 3s )Jm
+( 25" 338 - a4~ 385 - a- 348 +ey- 383 )in+25 =0,
while the quantities Con are defined as
3j2.-3as - 3j,a - 3j,a-+-3as - 35
Ccn [0} Jcn aksl JCnak?Ej Jcna aksl SlJcn , n =12,3 (A85)

(A.84)

Theinitial conditions can be defined either by steady state values, by values computed during the
dynamic calculation, from the last computational time-step, or by using the following
standardized values: f (x,0) = f,f (x); f, =1; j(x,0)=j, j (x); c,(x,0)=c,,cx);

Com = b, /(1 ;L) for (M=12);c, = c,,; and j, =- % - zlak for a, <0 or

Jo == 38 for a, >0.
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